In this work we discuss relativistic corrections for the description of charge carriers in a quantum mechanical framework. The fundamental equation is the Dirac equation which takes into account also the electron's spin. However, this equation intrinsically also incorporates positrons which play no role in applications in solid state physics. We give a rigorous derivation of the Pauli equation describing electrons in a first order approximation of the Dirac equation in the limit of infinite velocity of light. We deal with time-dependent electromagnetic potentials where no rigorous results have been given before. Our approach is based on the use of appropriate projection operators for the electron and the positron component of the spinor which are better suited than the widely used simple splitting into 'upper (large)' and 'lower (small) component'. We also systematically derive corrections at second order in 1/c where we essentially recover the results of the Foldy-Wouthuysen approach. However, due to the non-static problem, differences occur in the term which couples the electric field with the spin.
INTRODUCTION
Quantum effects play an important role in some technologically important semiconductor devices such as the resonant tunneling diode. The basic description of charge carriers is hence given by Schr6dinger equations or their kinetic counterpart, Wigner equations. Under certain conditions also relativistic effects cannot be neglected [2, 4] like e.g., for heavy hydrogenic elements. The fundamental quantum mechanical and relativistic equation is the Dirac-Maxwell system, i.e., the Dirac equation [5] for the electron as a spinor coupled to the Maxwell equations for the electromagnetic field. However, this system is very tedious to deal with both analytically and numerically for example global existence with arbitrary initial data is still an open problem. In this work we deal with *e-mail: mauser@cma.univie.ac.at the linear case, i.e., the case where the electromagnetic potential is given, e.g., the situation of a single electron in an external electromagnetic field. This is consistent with our assumption of bounded potentials which would not hold for the case of the selfconsistent Coulomb interaction among an ensemble of electrons. However, we are able, for the first time, to deal with the general case of time dependent potentials.
The Pauli equation is an approximation of the Dirac equation in two respects: on the one hand it is basically a first order approximation (in l/c), on the other hand it is an equation for the 2 spinor of the electron component of the 4 spinor of the Dirac equation that contains also a positron component which can be neglected in most problems of solid state physics.
The Dirac equation for a relativistic particle with spin in a given electromagnetic field is given by [8] using Wigner transform techniques. Similar techniques were used in [1] for the classical limit of a Pauli equation. The 'nonrelativistic limit' c is the limit where the velocity of light tends to infinity and 'instaneous interactions' are considered.
The following graph shows the relation between the linear Dirac equation and it's approximations in these limits.
In this work we focus on the limit c , in particular on a mathematically rigorous study of the relation between the Dirac and the Pauli equa- Foldy and Wouthuysen (F-W) [7] have given the first systematic approach to (semi)-nonrelativistic approximations which still rests more or less heuristic. A mathematically rigorous theory of the problem has been developed based on a pseudoresolvent convergence approach using the spectral theorem, e.g. [9, 14] . For a general survey with an exhausting list of references see [13] . All these results, however, treat the mere static case, i.e., time-independent electromagnetic potentials. Rigorous results for nonrelativistic approximations of the current density which are seldom studied in the mathematical literature in this field are given in [3] . We denote by D (D1,Dz, D3) the spatial derivative corresponding to the Fourier multiplier and by Dk =--iOk the partial derivative associated to k.
We define the "free Dirac operator" QC and the "electromagnetic operator" A A (t, x) Qe (D) := S')'O")/kDk -+-"Tld, (1.11) where Cv is an e-independent constant depending on the time interval (0, T ). Proof The crucial estimates (3.6), (3.7) and (3.8) in the proof of Theorem 3.1 can easily be generalized to om-2()3) 4 and om()3) 4 estimates. 
